Advanced Calculus

Rose-Hulman Institute of Technology
Professor Dale Oexman

R.J. Marks Il Class Notes

(1970)






LA B EERNE i CEErara
i /A...q\:uddwi L53170wS 3NL
SIWSSILNI Bn1L1SOd WL “Tgd
EC A PP | L
anuenant rv st S)S3U =Tg NINL
{4Vl Sog U |u =T LB7 :oouiMAS0

wIDILWV!I Aniusod SO
o S3nilonant S1 S \ h.w‘m..‘ AWt LSod
Ww.%.!hxwwrduw..rzﬂﬁ&ﬁﬁw.w At 1S@d
S Sax (€b3x)
{135 30130081 N1 S | SVl yIaISNOD
ARG ANz wod &= A (2
43S INILoNaNT AvY S S BYINM § S
SUDSILNI INILISOg AHL ANOILyAvISRO(F
T Do ANWIWITI NV ST & Db
‘ S W &= & (&
T aAvRd wons e gt
C SWIFWnN WY F© LIS ¥ -LAas 3IniLdnant G

\

t — SN

| N335 A0vayiy Aannaol
SONIKHL 0 §5,J00yd ANOIHL IwWwVvE dJo INoW
TR QLB -}

[VeS SiH $5379 Uos
L — NVwx30 3wWa



Q=ti=70 ‘ g e
& s impuED By
E&D () IMALIED AN INPLIED By

& IS A SUBSET oF

" .m  THERE EXisrs . .
3] rHErRE EXisTS e\s_memz‘ N

AN INDUCTIVE SET, A SET OF RGAL %%
N "l &S Xﬂ.m‘u.«....‘_ﬂm. Bk Bt
| WE PROVED THAT THE SMALLESF
_Sbthdtn SET P.L.oF PoSITIVE INT,

or IND el
LET S BE A nm.ﬂ o \o.wi\:\m B
INTEGERS, WHCH Is \&hQn.EQN
THEAL S ﬂ\m..n

m\?&v S A SET oF nou,i ve _ vy
INTEGERS.. SSPT )

PRINCIP L LE er \s;.\..\m.\iﬂ\hxp \\§§§.\
LET Pln) BE A PRoPesITION
WhieHd RNEPEANDS OMN THE
INTECER, n, $ wHicr CAN

. BE EITHER 4.3cm.. OR FPALSE
.2 PL1) 18 TRUE, \Qc.latw
A \um:.:v s ..u»b:-w‘



- T @sy ‘ <1
ST 0N 78 S
| oe X

C Meu w.-l_#un,uw L1 SIS

N el b LG
Qax
wt X () 2 = (Aex) Iwassy
T AFRIA N FAoK |

BRI - ok UL JEIOTE

N N L —
g g
_ me wlik § (S el ST “-\ R

areuAUX(3) F sahen
- WONCTNL TIVIlyOmIE =90 300¥d

Zhsupu = W.;C&.
 "twivw a3ridv a2 3ewvxa

S NAE93IINI Fnisisoy
Ao LIS FANILOAGNI NV ST 50
SsIele=sS9T  Tds5S
mdaat (DF] \aww,mw 437
Lo e sy
U MY Yoo Foyd St (Udg wIHL



KTy + s mnv»xxaiak

Ko an.c
9 =) 470
“NK."VS MS ARVX?‘\.IF
4 e
DEFN —nd R
V r:m:.. rv

m: CHooSE kb

x-o@vxx*a..kn o™ I Xy .:.m.\k.«

o=1; ......mz ; 2= nln=1) |
toox Ar P(n¥+1) |

(x+y) "=l ey) mx..&alx« xry) ...\ ey’

% nmoﬁkvx x!xa...#WmCxax -y



roN-U »kxmﬁxv m..«% w *i

A% T
= Is..exmxﬁ._%v = =

fo4=U4

\‘
~S

lem

o .&.M\_l_ﬁiv ﬁu - Q%v |

.1 a .

el

:.J =

4
o



WELL CRDERING oF Posirive IwTe€cens
Tham: LET N O 4 NoN-EMPTY
SET oF PoS. INTECERS., N wAs

A Sma kh«ﬂ m.pmlm.&\
NEPL, N¥EP, IYEN D yeX (imh
\&eoh..; ;hhtkm. _ HAS NO
SMALLEST mrn.\sﬁ\cﬂ |

Ler EB= .Mm\ﬂm.b\\xh.t&m\kw

hﬁ& 1 Eanvy Pes ur.
\.aoa\o.\h\h lexy xeN
FOR WE ASSUME N H4g
NO SMALLEST ELEMENT
LET NEL  pervx&EN
S NH1E xWxe=N
BT N+l #E X FOR avy
) REN
s 3Mﬁ nv.s.lmm
- B= P
Z,... , WHIeH /s 1IN
COUNTERDICTION TO (NIT14L.
ASs UMP TIONS |

>



. AN 'LJAIJMEAJ._*MUAZ&ERS_MLC&_ .
1S BOUNDED ABOVE, HAS A LEAST
e $MALLEST) vLPPER BouND. o

,,JE) LET AS ﬁ M 1S AN VPPER Bounk N
~ _Fer A IF XSMV¥XeA

Ex) A= fl*g‘f/ nerIt= {Ao jsr 3_35; _}_4_

;_t___ 2 1S AN puPPER _QBOuND —
. Ex) 8={¢+nY?| nerr} 34&4&,,0&5&6@&@
T e i) Var % _
o n=d oo ;

DEFIIWTIOJV. _IF e LEIISJ:_ uRrP E& &o,yyoii
 _FoR A _SET A, 1s AN UPPER BounbD L,
P IFM 15 ALse AN UPPER BOUND,
CTHEN LB e i cme ety

LB = Leasv uppER BouND
— SuB=suPRemuem (L.u.8) '

nl 4_=‘_{_(l+lﬁ‘)n/“neP.z_}_“iﬁattgt\lﬂlgt_;,_‘_
__ THERE 1S No NUMBER IN A WHIcH
1S A LEAST UPPER BOUND FORA




=>ARCHE‘M&'QMM PRoPEnTY aF rnL%i,, .
_POSITIVE REAL NUMBERS
THEOREM: LET a, b BE REAL
POSITIVE Nunasns SN S W L
THEN nePr s nasb -

o S

Yerta a4y VR .

‘ Pnoogjgﬁssums na‘b héB:i:,;,_, -
. ._LE:‘LE‘..!E ,n CEPIéc R
b 1S AN DPPER BoUND FOR S

e 1) Hds A L!JB CALLED € o)
s.nage ¥ w PA&TOCQLA&
Cn-n)a €c .

. .fﬂa C=-q &C

_,,CQR 1,4_45 X IS A/w Re’AL #‘ 3
3n € PI' 5 x<n
~ PRoeF: JE x ﬁo LE'T ns:

IE x>0 L&T Q=.‘L bax
n>x

Ccor. 2_”:;-,',,,5_),9 s am' neu. « 3

AnepPrs A<E

BN/ Pk@aj:_l_ i
LET A€ BY (n 5n9x<n

2. den: th-.* Q.EDb.



7 ASINMYWE Nl st d
 éAHm NSided=u

e T d A
t..\¢kﬂd1\ =g ot -
\ A CH 43048 ANyl -
EETTOE T ] 7 .\ﬂxﬁv [ RS
TR T TRy
—  _#= S edn QIhW B
| Ae v @& — O
5733412h ¥l E Tda 20
OpuIoyo T1FM 40 TdBV mON

D.JHrW b»mlnwﬁnu&ou A W00¢mfl
T e U XS UE TS U
\‘A.toiﬂ tﬂ..dlﬁm oy ml H.nrth WL -

- , U VJ«VQ‘I . -
N ey e I pAD AT
T uSXx &u g (AR

| [P L

- Usx>werasvw g g
VAN ANy ST x \&W..: TEYed




UNIQUENBSS:
AssomE 3 m, n_men

P mE xemrl -

. nN&Exeny: -

Mem & X entl ‘
CoNTROOIE XL oN PG, &
1 THERE 1S A POS INTEGER

BETWEEN N AND N+)

QeAP~PE - F et meas ¥R LR S
THEM: THE RATIONALS ARE DENGE
N THE REAL #HE, \ L
i) a,beR, A<b,3 A wmTuRAL
# roa<rdb. Moreover - -
3 AN NEIMITE ¥ OoF SuCH ,
. _RATIONALS
_PRoop:
) mv..ano , - )
A d9€PI? §<b-q (cerm)

. er Mg, Apel FFPE aw:kw: ]

»

ve agép on 4A.it.\ AT

Pac Kb qed

‘ Mrﬂx . .ru‘cwou .M\c 3 h(.t.m\%x....ozm.r DEAISITY"
Rgnvow FRoM CHAPT. 1.—7 )



e l\;\cwﬂ. S Uz ————
D ... v\\«%nsrsm
— -
= — =5 :\.\lmmw\\r\c\ nxb.. ]
S @ﬂw&ﬁ:ﬁq 6y i
uw}nﬂuﬂ«f © WMoOILyDIOM WL 0
% \ﬁu&.ﬂmﬂnt ATWOS D 9m §
BN AL Jo SWIIL Fwi UV M
m.ﬁﬁmsﬂx AwV\NVAG CV 0«. (o
S S TIvaY 8kl Nt TINIVLNOGD
T IOy ISOHM § INT Sod HH.
ST ivvog 3SOMM f  wordNad
WS BonNInkIs y INAIUNIZIa

Q\.ﬁ”\l_ 10NV AT INTIVA FISIS & Lod

T TR B mee :\JMLWWQM‘Q‘GSA |
R - - SITIYYA LIYEHONRASE
ST LQMQQ!QMQS u!:« ‘Wiywoa

1 G\S‘.t v .::...} MON > amw .u!a\w(

> hm-uiﬁm.aﬂ..mf* u.?o.....u%ak ?« LVRD

i ilﬂ *ﬁdﬁho&J\h\‘ﬁxuhajwu'woll‘yroo (e

VTR Y S .an& .—ad w!z :Q“Q L)
. - N ‘ .\v J ﬁov‘\“
T SAoHLIW & IS0 (VW .

s, a4 TUNOILYY FHL HO NOILITI WO

"



bnn\zmbn.ﬂ .ns ‘a‘_ﬂ ; Mnﬁ. | tm. .SA <-‘_,
THAT THE SES HAS LT A, IF

(mwo mm«nvm}ﬂ > 3v\<mmv

‘ % an-A[/<E&E AR

. ax\w s\».ﬂﬂ\?pal}

n<p %

 weT€>e, [F-ol<e
gt Ava.r < E, ur N> .
&> n>F L NE)E N s
- ukmkhm.mﬂ INTEGER r\%ﬂm.x afg

EX) Tmee, .&\3\ 31, HHJ.

aanu

. . uET Epo - |Ave <& —
e slpt) g &S s

2@»1 M,\.& LLEST \Q.Wh.nh,b -
L LARCER N =1



‘ Tﬁn%ﬂ“ﬂ e et W s

4

‘ m-mM,q\‘.s‘N“‘ ‘l-,‘,‘ﬂ_uw.\‘mem‘\. EJ‘:JII\:\:
w N JAFf \sf . £ = = m ) o . ; )
T ieanvnet=(3N L1 os

_ (g Spey

3= [0=-usP| Nanio 39
AWEWGHG O i AT WU W

- [r=z<upeusp 2
- .NV...“:” T.W \ = \ At \l. o
[ 1= —Lgit) mans "o <30 W

L w ey L
[ = 128 Wi Imoud (x2 (7
I [BIE@NY €PN E
\,".O_Auwwﬂu~\‘.wﬂzuk$ o !
T Lwu AVS 3M N3G

i

OL-B1-&

£t



3)EX)  Lim ﬂﬂ =0

n-poe

- rooF FN“@M\»WNOG M

_ﬂulo\ = __m-s\ Aﬂ

L .omeot.ﬂ pm.w)zbrn
w) Nkwl\b{x\ pEerel’.

T e
_ PReSF: bm..« &>
N &= s»-_..ma#_v
~ ..: e

S, 3DV .\.J
LET NCE) = ANY. 8 )NT
r..xaum THAN V 2
THEM:
= "2 k\kse n.. m.xa.d. .3.5,\
h$oo

X IS oNIQ cm.

®

AssomeE a ¥ b ARE DISTINGT
REAL #5 W\N‘C An=Q

vre ? an=b

h->00 -
~ leonn)



B - L TR

AVS AMm pvanst | y\Aéw
Ny mnﬁ{ﬂ E O<W H.E .%\hw ‘

mnw\\.s ST UmMT HL Ooun ! Uhqﬁnw ds\ B
~ NOISNIONOD ANL . FI8ISSOINT iy

- S1 SIHL E4.9 =3 AWM.
35/9-Y0) 4 F2jE we e
T I zuxtz eN 137

3 (| ﬁazé. ewe
e-vo] & hev £l e
-_.--,i: - oL3 4137 ;

-  (ane7y

Gt



Qe 20-70 ) R 1.
qEEw.,

- 3.‘& ‘
LAReE) ...;Géw avknvoav\(
bM“& .&-3\ e

31'8

1k dom lay] = teo

n=poe \ -
@D an=("2)"= n..:am.uc. i
Lo T, J‘\P..w T

i A ¢
Fuvi -.&.ah c&.

L, NI ¢=n")=

b&! \%ql~VJlu \N\&" Q»w ®
DoES Nor &xisy/!

LEEN, 17 .hmuruaun THEN
 WE AP THE SEQUENCE
IS CoNVERGENT. IF NOT, '+ .
SFQUEACE IS DINVE \&.ms\ﬂ
la 15 \Qﬁ\z‘v L

220, 5 Y w3oluowever

{




R k.
Sy war

W* 5>19- @m m.ﬁ.w
((9+2D=4g+ ww 5&\"
B A 1 e W 187

W<y v m@v\?eo\ P
\ 2 lp%y
- was e ok @i
a - e = 5t .l.ooaul i
— ‘\\\nﬂ... Ul ,.
‘ b U

| e@ &Lﬁﬁ)‘“\uﬁcaﬁtcv 3
S jmﬁﬁﬂ!juﬁlt XS

B  GEGel
XXXXXXX CWIWL




n=d <O

fiwn 15 hingyza $ Mo byob

s Ggrne i b
~ =zab (a *m REAL)
Precr:wm] a, bp=ab |

= |apby-abytabn-ab|
= lbplanart alo,)

= -al+hl b, -
e it g Bl bt

_ 1r(Cn) CoNVERGES, THEN 1T
1S QovNoEd, we el

T Psos |C ISP,
v#ﬁm .Y ‘Wt\ PBovwoeo .., .ua P \&SW
F ¥ TN L
knﬂ»@%ﬂﬁ@&cnzm.vgm

ME) P lan—a| < §op
For N 2,MAX(N,, No.

.,ma b,-able¢ 'bnlg/ae .
S .:n:a &\imﬁm@u



{11-e]
Eﬁd&.ﬁf ] Wwad 137 .

N= UA

~Tﬂuﬁill¢c|

SR S |
g 1
A.-kz.uv DaWo W UF7T do0¥y

%GTQWAAM

- NIDIFIANGS W h.s mrﬂ 2 .
( (ONNOR ¥ DNONIT) e

%




. PReoF: | L

= zanC, wHERE n_..uﬂT?l,w@
I WE can sHow lwm Fr= 4

Wwews WE'RE powd ™ ~ T
 UESING PRODUILT 0B LIMITS

rh”q. MVD'#ITWH«“M\ | o
e Rk T

7o SHow THAT Jpj <P For w
. N> gcMEN, =
 Fer E<e 3N, D [b,-b]|<E ;
o E-bl b, LE¥L 0
) Prew. E='bfa
A ON, ()

R7 77 VY r v A
 kep L ,,

Cbse® b &>a varM,







e n o = U
&> M>0 wowever tarcE I ,
N B naNED [q>M )

&> pon NM&. 7aa < mmhr -
& i an O




(awes s B T
T DUA Z+OOYD L
S OLB A 3+b=p
807 d0 23 -UADLSD
C ceew | Oz 437
Y=l Dy L YHL IA0YH TIM IM
(b=)'8a'7 syps '~anvmeg SIS
LS DU VPR U357 TFO0Yy
(Z/ou AdFYOEY E &= 3009V aFgnaog)
q u-a \LQWWQWI@UQQ\RO§S€. k%&
ey | BNt St g SLSIk3
b : . LL"PT-
bWy NIRL Ty azdnaog
Ivaronvow v 5/ §*OY 1 WEHL
‘ o

K'Y

P
(Govsonleas awmvelovow) IFwys xx® 3
ST 3L AYLS vo

- S3SvauoNt AvmivA ‘
©L-hT -b

k. ﬁ., " ,.mm.
= S
&AN&M..
i e o s 4
i ‘. B @ j @i o
. 14 &



To swow 3N 2 Q,>G-& ror n>N
ASSOME QsaA..b E ¥V 3
h.h.u\mi.hlv Q.Q W\NI.N
*conTRADICTS FACT .3»\.. T
a 1S ¢ U8
. A NCE) 2 aydQ-€ g
Bor a,=4,
- ¥N>N (meweronisricaces)
. Qpean=A-€ Vo >N
Q\S‘“\Q NAQ\.AQTM\ ‘
\p.n ~D:IQ\AN ForR n>N

\.m\.vdmb: e

Ex  an=H (warmonic ,mmﬂtm.x\n.,.u
BovwoeED BE ror\ By O

| > ¥ ‘
ALse ntl V:«S L.._v.i.JI

. s&t« e Wx.mﬂh
:.ﬁn“
QUESTIOA

Lam, ?... +)"=2.s8. .

n=»e0

&

h»hﬂﬁm xdo%\vl e
[t \u.
3 ()" £(1+5%)""vn



WoR IJHL FBIINSS NYZ

(7]
%4 - _.
1
i) be-X )
 q=00f T

, 2L ym z3m k
3>(1-(0F | &> |-¥X[>0 D
G5 E 0w 34 37 "7 51 00Ff do
O&% SV L)1 JHL LVHL A¥VS Am
(B 2o 0oy 9gHIIIN IWOS NI
osMmidza ) voiLdvad ¥ 39 (O .N..,\Y

D S e TP emy S S SSD w0 W) S @ ey o wm TP TR L, e -

NoD LR LI
*

4 |
1 \..ATV \ anvy (1<) «m\k
* o e .\\0\\\0 \.\ \0 .
COFomveooy ...Ml S IsnVINSES TwWr0Q AN#
CaT ‘wanlt 0 AAILISOdwALlNGGT)
"ISNIODIS JRL FO Liwpy IHL ol
SIOYIANOD DONINOISTOS Ny B

TR .4
\ Shpgert ]
T# £€ 5

SLWVik WITP0y



EX. 70 SHom Qﬁv\i.

e NOI.\

oR ?&c (f=

5 _x..; N
2 Foeix~tl<l
Lo x=tl - L
Z Bl < =Ux-1] ZF
6= (2g,1)
.tinzﬂcm.h IS SMALLER,
9-25-70 ,
%,mvo

D <m\mm“m.\<n.m. :
Ex) DSHNS ‘
Jo Stow THAT M 27 = +00°
n =520
M VO mxox\m,\mﬁ r;nmu
2">M €S nhn 250 L M
=on
et 2 hontﬂb



D wvw\?x /= \q eou \

S+b b Seb

COHYOHDIFN
e e d31373a v |

= = — ‘\“ ..\‘\‘ A\\dv.
Ei=gF
o o el

be\

<A 7= ?w\axv\ e

- — s G mam

S/ HNIS FUINIINI VY S

\<WiL. )@.mh. ﬁumM:

U.w umq RA%Q

.kabuwg“ (R s3/435 Fs0dno> 4, Nod

R cN\lJZAQ V‘U; )
M e

-  Fouv? dwi
LSI1TWWS

Y el



ey Lo X = E PRov. afo

X >q
bre>o, [F-+)= 5
I et
- —_——— "

.m.m.mnm . Fea Twe SAKE oF ;.xnckm.ud
 Assume < x < R <3

— g @
PSS SN~ SE S . .......]

y cal< ? = \.»L.\AL
? = Y From pREVIOLS X,



- W, b

L | 1»1\\““\1 s . ,&

Jorx =g oxx L CIX = 0of KT

— o e \\AX —

wv: @#Ac.sae >x ¥).
I i IN,M. .« \ﬂr

\Q@ e R AT R A il
“\‘W‘Hw ot xwy\:\k;:ﬂ qm&:w BNe

2>[7- n.o‘m.‘swo.w\\.w z wo ‘OPoIS T IF N¥D
A..wwWNv\.w_‘inﬁw\va EOC3 A Tl o
- eeSPFoe. 7007

(dvhmeog) SONeaDS S5
Wo o/ N 5 Ny 3w “anrs al Iy ¢
T lsaw 30& \w FHL Sn $3A19 FH Al

S ‘ OL~5Z -b

14



30,

‘x —
%\ u  ES \<Qﬂ. & X |
w

Loin F O
) = F - il »hmx.v..

..anOJr
x..ﬁol

@ Lo, §m¢

i aia GO
iy i)

Lo VX2 ,
| =0 hnwa umﬂ%ﬂ\oz

o
‘ W\b\t T N

e, VX =0 '
1 GHBOR ?uas\ _

X Dop

.\?2. _
lczsmhim.b

- R>o"




| W(Of EadX
o F (@ usmmeN) ALy A 3

‘11:."11\_:,\;{1;;‘1%%mtnwx1 : ‘MI
T SO g
2>[1-0of 1 el9<x W E O34 wmrey
ey s 0oL ey
o et

o oe=rof My

s 00fe
s exiceeWwSE
& A 10‘.-(‘

G T RNl e
o ?Il‘s)\\Nﬁw«V.[% \A" WV sUil,&‘—‘VJﬁ!i- ]
1 APO \vﬂV\W: m:! ﬁﬂudwtiidgh\solu ‘

TOSW A S e SUOF By

- SAlwh Flinvidve 3nNid3d



32

Liim F )2 S T3B

e ¥ Nuwawop &3 N LABELED oF

S B ‘BLAK Brak LA
9-29-70
= ; =
- S | \XNNV\M k;ﬁ»ﬂ.u{ ,\N..!- -
o \«....wo goy=L

.‘ ‘ !;1‘ ‘ ﬂlﬁ?w\“&\)h&dwgb%ﬁkpv.ﬂ;ﬁ. PU.
PRooF: LT E€>0, 70 FinD A4
£ (as)# @ eoc|x-alcs
=] unmxvm\QC.. Lolig | <5
\»ﬁ QC%»OC -mshn\u\uﬁ.mlwac .ﬂﬁém&i
| +qGot, ~Lila)

= | g0 (Foo-L) +dol ,Gran-Ls))

£ |gco])Fo0-1, [+ 1 [gen-2.)
38632 lgo-tal Y2 Gy
WHENEVER 0<% |x-gl<& ol

"Ya<gexn < Va2

M& ANY CVENT, FoR o6& | x-ql<§g
\%‘.mxi < Tha/,




T YWWIT Yeo= Faui  1G
e be- X .
(Worrsagm i9) wO='X Mg v
TS UA WO X T
- 3=% 3> ;..cm.\yn\: 32>|b-x}) N
T O3 1PT 0 b xXwr Y (YAWaa

AR Thidh LA L At

|
, ~— 1 v \l — e % SRR N BT S 1‘1\00\ x G
tr=(1+x€hi 04 #T R XCTLXplay X)) Mg i a0y

.
- s
T T T I e ™
- -

kN r - 38 P‘Wl‘ HEA T

~
S — - | E— S

b awnnmoyy X \M.NQQ.J\»\‘Aw N

g
BN e ‘dW_ b 3 W T LA
- ——— —_——— _ sm *Ws — -

_ '
e e— e T
‘\Gcm ~ =,
w6 (o ‘ 2 o
- JN = -  —— s, r A | - - S B . v
B E R 2 TSy
S |b-x) >0 Moz

W o ;ﬁanhuouW& Utw =§ 177 G -
S iAo wann 1'9Eg > [E7-(0d
Rosto=n120 wasm e L 5 I i\‘\
e>[b v EHM e S J..?o\\
| T P M_W.n.rw £ Whadis ‘oo 3




@

X=>a

= Qu: G"+. . + b 91®0V
LM, oF SUM = SoMm 0F LM A:xq% n.h&._nb

Twem: A in (byx"+b, . x .. +b,)

THEM : umOC IS BooNDED m £
e %‘Qc =1 s [N SRS NS A 0
XIVA
:1\\%&\%

CONTINUITY OF ;.Lﬂxnu..} o
Qm.\. . W& SAY q.%*ﬂiwﬁﬂ)\ IS ConNTiNvolUS
AT X=Q IF

)y a 15 g OMAIN ©F \.me%w\m.
A Fex) = Fea) )

XlWQ
Bh‘.m‘ .. ‘ \\Axb IS CONTA/LOULS

«\ ko m.\_ THEN WE SAY THAT
F¢ex) s 0023\.\0006. ON:
THE seT A

.:\ X >0

i «.,C §m~C ﬂ. _‘x Ao : ‘w\‘

DISCoNTINUCUS AT
X =)

x&iiq%a




— i HM.H«MH N1 any wﬁ%«ﬁ@\.
N t.uu\ﬁum h&xtgsxwwm‘oqou# oL ]

SN oE‘ wl Si.rl.ﬁmm% §Sxm§ﬂ ==

@ IQ\

S AsTXAE Wi oy \D\
= ey wer
o

2LInIINIT

““““ - o B P
- ‘ T




é

10-5-70 | 1
THEM: Every BouvwnED SEQUENCE
Has »&noz<wnxnm.>31 SUBsSEq.
THEM : Kol F(r) BE€E cownripy
on [a bl THeN Fex) is “%

Boywno&0 THERE (e -1
7 lf)2m v xe [a, b]

Prcor: 4 ssume $(x) 1S MoT BouNdeo
2 VnePrie[abl >
- [Fxa)l > B
or md> I Y€ [a,b] w_“unﬁé\.u.\ﬂ
120 3 ve[<,4) > Fex, )1

No w Mx..w Sla, bl
s Xan t 'S BounNDE
e SvBseEq oF M*:M weHicH
IS CONVERGENT = v iami o
AL Xo BE THE LiMIT o MK?.W

&a ) \&VS.MXQLMXQ s Ry = a

8or %Qukwua CONT. .
7 A £6,,) > F g 00
¥ X € hn E

Bor:  Flxa)> FODZVE>q
W NY IS | FOm ) Fe)| < €
%Cmu\.m < £ (Xny) AWO:Y, E

& CowsT, -1 4
. CONTRADICTS THE CONSTocTION =



 (uwes) .
 _2owenBI3SgaS AN®D ¥ Syh
s 03awnV Aegpmy asannog
Sons SI ony ‘[q'bBstex}

& 35 v s+ {Ux3

- |¢N V\Q.N:@W\Wﬁwm. =2 &
S !th.\-s@w\m b Eoczy
| [§ 6] 9x[0033 07 =lv @
M\ﬁhm«d .M\,mwwmq ,wTw.nSI S, m i
o 435 owno9 AWINF BOINIS

'S FE IVAW =° U3s

oram ¥ 51 LIBFIx[00£7
iﬁ.@hﬁ \.MQNUQ .\w-w‘ Ny ‘hu. v
- oaeg U [9b] vo gt
LmeD Si(x)f ooV

KXWy SEIvO SNk ypys il
- a35077 ¥ NO wyordoNnNn =
Snonmidmod ¢ (™ 9] ax A
\ @Of£5 OO+ m.ﬁq\o 94 E
Nﬂ\v\--s\o dvos S mwx.* =) Wt
T ozowoof Sy hascu -
Tl SO0nN) INGS muw\‘ Auany WIHL
) - Nwm w %SKW - I- .‘hﬂ“
- Ins *u\ﬂ:.x > IoMmS X300

- -



" FEx,3 S S X3 4 Xn EXI5Tr
LET = \&fﬂfkka%.us ¥ ‘
70 swow £ée)5 20

1) i f-Cx0e) = F Clogo X0, )=FL)

K = oo

. BEcavsE F&) 15 conTinvoos
2) Moo FCxad)=M, BY COwsT

Ao

3)BuT 4 SUQ S€Q.0F 4 Cowu

S€E@ Cownv, o THE SAmME
LM ITT AS THE SER.

10-6G~720 ‘
Do .\\ \02\.“ CONT EOR
xela b] % £ fta)Fb)cO.
 THEN T X E hﬁ\buw \.\Xnvu.o
_PROOF: WITHOUT 1055 O©F GENERAL —
_ Flarco (e Opbwvou : 3
| Lath= x| Fx)<03

e e
. a < mny oo L%

| . ctearey A F J For a€A;

| A& [abl. A is Bovnper ‘

 SINCE EVERY BOWPED SET oF

| REAL P pas 4 LUB.,



A T - 1 n&xuua B

T "o TWAOMISia WUVIWIS (N
dm.».%,\mwdntﬁ PRACES 3¢ SOt
\\;:--‘IOV|h1KVQ & x> %" XE

B 3% I

R e T .

meom \W«ida «m,,x
OOy
o<(F 4. =3 M&Q |

MNA«G%VD&WV R
(3-20F &85/~ X | ?.,.
B e

9=k € °CS WL.?ou
AR O 3 ayy ﬁwov«oxu, R

AT O (DOL mMots
o= aoxum ANvITD
AR . v an ox.w.w



rHem: dut- FCX) aE conrinuoos
rer xe [a,b] > |
 Twew FOO) assumes every
VALUE gETWEEN F(a) % .»nm bJ
AT LEAST ?<nn "
_ Preok, Wi.o m.lm@\vmd.nm@
 LET ME \%h& Ca)]
LeT «uh?f *oc -M
. ¢(b)= #m& -M<LO
B ﬁtm& (a)-m >0
- }\hn.\\ukw THECREM
U Xo = uN o, ﬁNXle

—— o&.&«v Q€D
10=10-10

- YnEeoRm  CoNTINOITY . %
AN  INTERVAL PROPERTY
tm SAY .IIW fex) 1s eNEORM
- E26 F :
mmm.w v xom [a,bl
el (X=X, AR
OQ WM« y<§ ‘
E %oc IS CONTINGOLS
“oN hs.\uu IT 1S VUNIFoRM,
CoNTINUITY aN # cLesED \
 (INTERVAL =D pyirsRM ConTt



) BOh LN -

SR, SRR L R
S A AR A, e~ -E.Wlw\
e B ot I’

B D e -
N A

aga v By wan)
- LS 3L yod MONXN

L X T8 o.h-#

| Av.c% »M“WMM.N&;M‘ \Qmﬁouztoéﬂsﬂ. T

S0 G ¢

Bl LT ST
By

avkuaﬁh nnﬂanh ..«.iuem\.)‘ o2
‘ . T M \w.u tcn\ -
e, nn\\Q ....nbso WH =L .
2 =</0Yf ..?ém\ 10g
L>[, X ='x] & X~ Sia  f
"op vo7 stddi od Wi
- §3 =% 4lng
‘2T (oS - (‘4o |
— L e T S Awv voz
o] vo ‘SaCANILNGD ATWyoz ina
g \.\kn\ m\QC\ hhvmmah. ..uie\\

S [COF-CF]
b4 o Xy X[ > \ e
e \wv?xi ?sum\ want’$>[.x-x](Z
#3=8 7 3y x= Im 5 [BIF hA.,
ﬂ? 3> \ XDd - V%N =T .wll XNVQ‘ ' = J



Rﬁ. 53253 Sm. ol ,

«ll.,,!% X=Xe, PROVIOED ﬂ&m-l
rslsﬂk.fﬂm PRRTSESII N - 5.0

- \!!.-Km,ga = Y'0) -i?lacr\am@

\hsm:\z,ﬂm m«. owk\ Eﬂkm\i

. THE FUNCTION OBTAINED B8BY
TAKING THE DER|VITIVE A
FACH PT X oF SomE uﬂi

o -Qk.w? i

D.:m. VER FRoM THE »1M...,\.




I o AR w ..... -
Cobong e’
S “\\ﬂh.‘tb -

B \xntﬁwruuzﬂrfuiuﬂLMﬁ<\ |
_ ?.;\ﬁwlﬂxuoa autqﬂ L A
Wmmq (0f § <51X3 Lsaw (XOA

°xa X o) ddl0 NG MW oL
(oF=A wod Atim (H T vox&.v
"SASIRE -
| ,!.rQ&.ﬂ.Q.‘NW_.‘.[xIE - -\«.
- (4= (X94X)A %\.mw o
Qawﬂ%\ﬂlﬁé%\? u@d
LE LT
(@svzanwesdon)  CLVOOD &= 310 a.d PR A
Nﬁ. T Ao & nhgsllnvﬁ a ¥ T
V33 uualml.ou‘ A WIhL

WivWod FHL NI 39 el dov -
\ L:Sa wﬂa.:.t QmQ\uzsx /3 AR

j‘



\J‘n\ ?\%Nk.&&..%@o‘r
wew  FOrtaxd- uoomveh.HHl..J: \

&, FOR AX .ﬂ\o | |
kt... Msﬂﬂxo vax) - F 354, s«égu

- ox..vo
e, (Faeranedody, N

cx.l A

L MReE LIM eF PRODE \o»oo
. OF LlMiIrS, PReVIOED Bor
 LtMITS EXIST ¥ THE FIRST
ri)\\ﬂﬁuﬂu BY ASSUONPTON S k&

 OiFFERENTIABILIY (2D Xo -

mm.mbxo =0 -
Liin [ Cxataxd - fod]=o

bXaVn.l g e 8 o
‘7%“% *NXo.n&kV %hko.vz»@ :
Helig T L%“\O Mﬁxo.s.oxy % M&NUD ”i;\ ‘ \



2
éi:
$
%i
iﬁ;
\g

L' |% nPTaq Jav

e Aw u.JNﬁ?\» TR

- - @@ 3 s
J.wﬁi.m B

muﬂ:u.zdu |
dgila s1 0 £ 00—

o lnakvq .@ L LA Y S

Cx) el Caf = h

I Niy w
- X9= qu.’xu»\u‘xuumxv«xvﬂ

e X=a CXVEX) an(XV+(MWI)XT 2 AV
. -w.w T,xwac»;,!.d

o ostweg ey

S

% =~ 4P =(xvx) g v
&y ‘welldvad
iwi\q v A (04 L7 TWWI1




46

m%ﬂ%mﬁ \.!» L
E Elx te

Deme ?@% W@&E.f

;
r

%@% Anp Corse pok'?
k%ﬁwﬁihg &w lﬁg?éli,; .




ITVLIJOHVY T - oW R
k yvoaLm! - EDu
o oL-0T-0l

Lb






. B

p 5
sy






¢

a







—



















o
: L AT s ¢







#1

LIMIT DEFINITIONS .

A,é’g/m Jan=G e ¥ €20 3 N=NE) 2> n>N= la,-al<é&
S R =

&/méii =too e ¥ OB 3 rv =N(B)2 n>N=2> a,>B

Méiiwgyﬂ Gp=7e0 wee ¥V B 4 TN(BII 0 >N G,< B

= '{i’fi;ﬁ f(,g”j =t oo

e W E e T §28E)>0 9 o<fx- G/ﬁ;f <> fm) /<:
L e F W; > 'kf N=NE) 5 Xx>N> ffi}ﬁ) L]

e >0 d N=NE) = x<N = > | Foxy -1 ) ;éff,

3= ZN == ‘(_?t
$=5(B)r0 5 o<lx-al<s=> Fx) >

=0 aee OB

5 sy

|
o }(MM oo (P W B 9§ 5(8) 50 5 0<lx-al<d D> FIXI<B

P R

/.3 E
F ) 1s conTinvvevs AT X Ta  iFE
DT s pEFINED AT X =Qq
[ T e e ey S - <& = ( ‘/{‘ fj(.) <&
2D VE O J £=4 (s )y>6 = [k -al=<S =% Cx) - ¥a, —



It}
/ waﬁw&;«g 14"

g my F {ab?>0 1 nel.L 3 nazb
PROOE:  AssoME na<h ¥V n
a,2a,3aq,... WwouLp BE BOUNDED
LET C= L.U.B, o0F THIS SET
= na<c V¥ n > (n+1)asc ¥ n
S.oonavQa=c = na=c-a v on
HOWEVER C-=Q 15 4N UPPER BOOND £ [ .U R
. na>b aLE.D.
(Pg 29) ANY CONVERGENT SEQUENCE IS BOUNDE D
PROOF: ASSUME =0 cHooseE A DEFINITE NE G H B ORKHOOD,
SAY (Cawjaw)\, N THAT THIS NEICHBOR OO COMTAINSG
ALL BOT A EWNITE NomMBER oF {Qa} TERMS, A SUITABLE

ENLARCEMENT witl CoNTAIN TrREM ALlL. Q.E.D.

(s 30) L (Qn-bn) = luno, - Ll b,
9 - HERE v1o g 0=y o
PROOE - QC.LZT Gy A aAwo b,-,“'?b AnD E >O
CHOOSE N LARCE ENovcH So: N
S I
IQn“‘aB{IZ.EZJ ;bnwbi<§l€«
BY TRIANGE INEQUALITY, ForR n>N

(@, -bn) - Ca-b)] =] Can-a)- (bn-b)]

#4

£ !an-al+}bmbn]<£ Q. E.b.

(Pg32) AnNY  BOUNDED



to- 28 -70
L AN »

13)8)1F ;,‘f;«f““i@j S 15 BOUMNDED Al
Hoo s b bl B
v e CE

PROOF. AsSsumME
. s<£




THE Af
A I B N B 7 I é ey / F (x) / “f“\/)
ety s conr-ouw La b] 4 B2 asAasb =2 X {5
PROOE!  posomE f“(jx) C N /&} BT NOF  BoodliDELD
L= o
oW N0 dax,E ﬁ' a b lpé& j % (x) j < |
EVERY BOONNDED SEG, CONTAINS Conv. SOBSEG
LET {}g ,)KE“ . ){V X } AN ){X,;M} ~ A e
A< X, eb = a<x.b = X la bl
ﬁ[ (XY 15 cont T Xe P J[ (X . ) = f {f’*w)
{3} 1 ;'M‘ { {" { Xﬂm} e; /5 {% @‘N)!ip“»} f? (= i

CONTRADIC TING- E f(“' (X ﬂw} g 1) v



THEOREM

L " i i
Cap=-a) b, ta(bs=b) >




THEOREM T Crg 4g) t[//i ,f“*) A L ffiwzwi%fd o [<€ b1

I 85 gax<h = }f(}a)!

PrRooiE: fut Fix) / = u{i%/? e [ a, b ] tiseirree. idi ceilpendoch
S ¥ n>o p Xﬁa [a b] (fé.mlm)

Xawd S Exnd 1 X0 2 Converg.cor G Ko e K —> X,

G = kn, <h Sacmeb - xe [a b]

Beieo FO i cont. ot xy, F g,y FOX) T K02

A éf‘zﬁ}xfmuﬁj 4@ ﬁﬂ{ﬂ%é@@%{m @;z /F }” Qﬁ )/ > ?&

THEOREM IL (Pg oy M/ féwﬁj,mﬂm?j ore L@? bj X, $Xz&
[a,b12 asx=b = Fix, )4 £o0 fm)
PRoOF: j M! / J L o< 2t m } (x) ,,,///@ ﬁﬁ»;zjfg/mfa@@ﬁ@@ e [ G, h ]

. é - i ‘&%Ot} = [ "!C% :} ,/1;’1/ w%t’(’égﬁ(k{/ﬁ{ﬁ’f }‘f;&i%ii; ZL . fi’/ [j) f/‘*(
£t &9
X'ﬁf An CZ,G//?J 2 1 7[(9" n) f'fw} ”“”ﬂ *”;%WL ][(X;-U = M

i B
?cgmg iiedra 2 Gtcorite w% ? )(m@j

aence §%X 0} do dracnded X,
Lt EXa 3 Xo, VT F X)) dant ot xe FCxn) = Lix 3
%/f { Xo) =M awt F £ L) T
0[ e e AL fzz:}g,«z«w ”ﬁ{}‘i;} =/

THEGREM i (f’g &Wju) K// /(x} = [lc(x,}/ } ool "’; a ¥ b

o cppoaite ,«%%w/ﬁ«/ 3 Xe 2 F(xo)=0







2

N
lw!
~J

"
o

/3 ) ESTAPBLISH

=
7

D]

wotz!



Ty










e SN
Dl - 2 0} i

MO . FINITE

CON TN A




ETCRNI S
5oLty -4

P « ¥
(g4a3%)




(D DErFairons

1) XL LD VX 45 POSsTIvE

/7/ ;> 7,,/ <‘/‘L/‘w K ‘\z}‘ /1S £0 < 5T l/[ “©
17 X is WNECATIVE > X 15 POSITIVE
3) XEVSXIY)udx =D

X =YK >Y) LiX=Y)
HAVE  THE FOliowi e PROP

(SN (1 ¢ f’%)

HY AN JWDOCTIVE S ET CF NUMBERS
9) THE NoAmpERr LS A MEAMBER
W XEA T (x+1)EA
s) K€ RN & dlpglel 5 x = zji”
XGE/ RN.<E Xé& IRR.
¢) d) oreEn INTERVAL (a. b)), < G < x<b
b)croscon INTERVAL lq bl<ra<xeb
C) HALF-OPEN TNTERVALS (Ci, 2] J S agaexeb
[ba)<s acx<h
d) G AnvDd b ARE CALLED  [NDPOINT S
ey wEvite  wrTeRrvalts (a1t eo)ED X >q jGaa ) X<
{?ﬁs too) s> x2a)[eo,al€?xeq

)

TN g e
= X O
A poivt OPERS TN TERNVA L )

NABSoLoTE valuiE <5 | x
L X

(‘%) EfPSiLan NETCHBOR Moo O
(Ci - & aj%cf) WHERE & >0

gy Ler DG R /1/5) THEN FONCTION  WiTH DOMAIN OF
wALeess R s a4 se v f

DEFINITIen, D % RaNc e o
OF ORpERED patRrs # ( X,9) 2 x &0 Y ve /f!;z/j HAVINEG ol
) Xe D, d AT ceastT onE YER I Cx, ‘r) e
by V Y €R, 3 AT ieasr ove xeD > (avy)ed
| F s sivece varoven e W X yy 5 (2 € / ,
10) 1t Y =AY wirH D% R, THEN [ = iNDEPENDENT VARIALLE
REDEPENHEI T VARIABL .
17 R ocoxyrains 1 opurcrt, F e Joss A CONSTANT FUNCTION

bED couTAING ALL RN /L (X) 15 A REAL VARIABLE FoNCTION

115 N CONTAINS f)LL,Q,%\),/\/( 7L( XK) IS A REALVALOED FoNC) JCAS



=

]

p
=
P

O x =0

£00

o
i

.
-

o

d

?

s xZo

2

y= | x|
oy

X

(x

F(x)







i

&

























i



o






















)
—
e












a)A UM TION
INT FRY AL
A AN
THERE
AT P

NUM E

f* Mo BouNDED ON F o, b

FCx) 15

vV c.de(a,bl i a<

o H M 4;5 o La, h é

Y

CAL
PE L

o







R

x|
s |







‘ 4 . s . £
G g £ N N "5‘\ ! ‘

PROO: )[\(/ XY lE A STep I"’U/\J'fi‘”‘ s
Ler F(x) E AOPRIMITIY
AS A VALUE EVERY Nupm g

Floy=o vl2)=1 , Boy
- P ai e (Flo)= ) !
. : FUNCTION

P
5,

EEN AN

3o
r

NO ;
A SE NN
MAY HAVE




- fx) s
-y IF WA
5)

AND
PROGE

2 WL O
7) W -




(SR

®



[ A =d,a bt e

FopM e

[ =aaia,
[Fe i

SRMINAT &

SN W

ﬁMMf“
(A e Tl N

CANNOT
VALLE
VL HesprTAL!
1) IF F(‘i)

pELETE B NEIGHBORE1000 OF TS
[p=a.ava; ta, ~e, wo | Avp iF /,W,

e, 4@} "’“*MKJL)J THE &

fé&} ARE DIF r%;f\1;vffﬁ “
S TED /V{/e"” f”‘?"/’%é}fwwf ey

) IF

*/ A /»gw)
J

) case 1.
LE T
ﬁ(k) £ %
f(;! (M);j‘
LET x&(@ﬁng

DO NElEH D iy
NoT VANIEH

uﬁ




2
fAz,

e e X AT
2N CASE /’« i o
) LET F{ ) M? ’&@) =) NEE B[R e 1 s 2

< p DELETEW
: NTINU OS5 oVE R K o
£(x) % g(,g) ﬂf}&’ﬁ;()(w e > Q/“(ﬁ) Do ES N ¢ VANISH
> £ >0, “he
[a-£,0} > M;\{;((‘ax)

b Re LT f;gm %(Vzwf(x £)

(K)wé(x -£)

gf%c:)

d

s O

- = f (ﬁ%%pf@} 3 pC ) g
; : ﬁ(’ﬁgw%(‘) fj ;\M O£
‘“h"f ?L\ X\} ﬂ%ﬁj [ ) ETCoe

&

Nf»ikﬂ F’;}fkﬁeﬂéf”}hﬁ“ 2
4 \/ﬁN'/nf’f?

ﬁMQOﬁE



s ) 4 é E
Yo Sy Min S5
’ b s 2R

R T
> o O g P
X2

fg‘fx%! b

r@ >0t
{ s Cast A

&7

,é({,;; Lo £ Lo

X0

Ys X k" =5 dev Y= A * s X 2 Lo Y = xf .
= ' e ARG
(X S R ¥ J%z%) O RR- = ol “

TR
§




N ['(3/ ))
) Exis

ETHER HT,
(%) DOMINATE

- !—\,, &W g/}} g»\ E:_’- f y h

7 5
) Y Xeh




J

(X

</

)/

[ x

- é

>

A Y

VeA o

(%

wt A

&

() g v

p
(
il o

s fon

L/ (v dowanplie

o



ra o, w@; \
&

Y gXIL-2 HRUIte




Ny SO

7%

|
o
T
i
P
ot
S
R
e
0O
P
S
A,
\,‘?_}
g
pes
s
i
K
0N
P
—
=5
A
P






